In this paper, we give an exact solution to the most celebrated magnetohydrodynamic Falkner-Skan equation. The equation governs the two-dimensional laminar boundary layer flow of a viscous, incompressible and electrically conducting fluid over a semi-infinite flat plate in the presence of magnetic field. Similarity transformations are used to convert the governing coupled non-linear partial differential equations into a highly non-linear ordinary differential equation with boundary conditions. An exact analytical solution is obtained for certain parameters which is then modified and generalized to give an exact solution to all other involved parameters. The results thus obtained are compared with that of direct numerical solutions, which agree well up to desired accuracy. The MHD Falkner-Skan equation exhibits the upper and lower branch solutions that reveal a very interesting velocity profiles for a set of parameters. Results are presented in the form of velocity profiles and skin friction for various values of physical parameters and are discussed in detail.
Introduction
We consider a steady MHD two-dimensional boundary layer flow of a viscous and incompressible electrically conducting fluid in the presence of the magnetic field which is obeyed by the MHD Falkner-Skan equation (1) and (2) for l ¼ À1, then velocity gradient becomes zero which demarcates the solution nature across boundary layer flow. We note here that, though the above governing ordinary differential equation is not stiff, it seems it is more difficult to solve analytically because of its high nonlinearity. We discuss some of the significant features of solution of the above system in the absence of magnetic field. Behavior of the boundary layer flow over the flat plate has considerable engineering applications, such as drawing of plastic films, spinning of metals, insulating materials, fine-fiber matts, etc. In the process, the plate while moving in its own plane may induce a motion in the neighboring fluid or fluid may move independently parallel to it. This would have great impact on the final products. On the other hand, the boundary layer flow over stretching surface with porous media has been studied in the past due to many engineering applications in petroleum and geothermal industry, food processing, extraction of geothermal energy, etc. Because of these applications, many investigators studied the above problem in different contexts (Rajagopal et al. [1] , Hsu et al. [2] , Olagunju [3] , Anabtawi and Khuri [4] , Vera and Valencia [5] , etc.). Numerous papers are available in the literature for the numerical solution of the above system for different values of b
with different boundary cases (Hartree [6] , Stewartson [7] , Libby and Liu [8] , etc.). They have proved the existence of multiple solutions of the above system for some range of pressure gradient parameter b. The numerical computations were refined by Riley and Weidman [9] for the Falkner-Skan equation with a ¼ 0 over the range of parametric values of b presuming the overshoot velocity profiles have physical meanings. Surprisingly, their computations revealed that, when l40, and an appropriate choice of b, the system admits a unique solution in the range 0:14 rb r0:5, dual solutions for 0:5 rb r 1, and even triple solutions for 0 o br0:14. The physical mechanism underlying this behavior was discussed in detail by Riley and Weidman [9] . All the above mentioned solutions to the Falkner-Skan equation are given by the numerical methods in different context. To the authors knowledge, no closed form solution has been found in the literature because of its robust non-linearity and an infinite interval. As pointed out by Liao [10] , the perturbation techniques have been applied to most of the boundary layer problems which involve one or more small parameters. Using this technique in higher order terms, Afzal and Luthra [11] have predicted the skin friction f 00 ð0Þ for different values of b. Furthermore, Fang and Zhang [12] and Afzal [13] have reported that the Falkner-Skan problem (1) and (2) admits a closed-form analytical solution for b ¼ À1 apparently this solution is a combination of solutions of Yang and Chien [14] with l ¼ 0 and
Riley and Weidman [9] with a ¼ 0. Twice integration of (1) and (2) with b ¼ À1 gives the Riccati type equation [12] , and Afzal [13] ). Rewriting, for convenience, Eq. (4) as
where L ¼ dÀal, and the new stream-function GðZÞ shall be defined in Section 2. Form (6) closely resembles with that of a single hump solution of the Burger's equation (Sachdev [18] ). Using similar function like (6), Sachdev et al. [19, 20] Along with usual boundary layer applications, magnetohydrodynamic (MHD) flows of viscous fluids have been performed due to large number of applications in industries, for instance, MHD power generation, MHD flow meters and MHD pumps. In polymer industry, when cooling of continuous strips or filaments through quiescent fluid takes place, these strips are often get stretched, thus, this cooling can be effectively managed by passing the stretched strips through a magnetic field so that final products would have desired characteristics. This cooling largely depends on the applied magnetic field. The study of effects of MHD applications can be found in other applications related to stretching surfaces. In general, the magnetic fields have the stabilizing capacity of the boundary layer flow. Because of these significant applications, many mathematical models have been proposed to explain the behaviors of the viscous MHD boundary layer flow under different conditions. Rashidi and Erfani [23] have investigated MHD boundary layer flow in the porous medium using a combination of the differential transform method and Pade' approximants, and discussed the influence of all parameters on the velocity and temperature profiles.
In the present study, significant advances in obtaining an exact solution of the Falkner-Skan problem (1) and (2) for all values of b
and Hartman number M have been achieved through similar approach pioneered by Sachdev et al. [21] . We follow the work of Sachdev et al. [21] and Kudenatti [22] to obtain the exact solution of the problem for all b and M, and for ease of completeness and to make the paper self-contained some derivations have been given again with regard to the present problem. Our exact solution exhibits a very interesting solution branches which are not found in most of numerical investigations. Although the exact solution of the problem is, however, not possible for all parameters except for b ¼ À1, these multiple solutions have not been reported. The variety of possible mechanisms for multiple solutions has led to the desire and robust mathematical analysis of the governing equation. As a result, the inherent of a parameter (see Eq. (13) below) in our solution method makes these solutions to exist. In the process, we first give an exact solution to the problem in discussion, and then we shall discuss the nature of solutions in detail.
Rest of the paper is organized as follows. In Section 2, we give an exact solution of the MHD Falkner-Skan Eq. (1) with boundary conditions (2) for general values of b and M. The modified form (6) has been utilized for this purpose. Various physical parameters in the form of velocity profiles and skin friction coefficient also have been discussed in this section. Asymptotic solution of problem for large Z has been given in Section 3, and solution nature has also been discussed briefly. In Section 4 we discuss the important results of the method. Final section summarizes the importance of the method and its possible generalization to other boundary layer equations.
Exact solution for general b and M
In this section, we give an exact solution to (1) and (2) . Notice from (4) that, we have already obtained a closed form solution to (1) and (2) for b ¼ À1 and M ¼0 which is rewritten in the form of (6) . Now, the essence is to transfer expression (6) into another non-linear ordinary differential equation in GðZÞ which contains the parameters b and M. To do so, substituting (6) into (1), we get the following equation:
and the boundary conditions (2) become
where G ¼ GðZÞ. It readily follows from (6) that, an exact analytical solution of (7) and (8) for b ¼ À1 and M¼0 is given by
where erf( ) is the error function. The error and exponential functions in (9) are entire functions that can be expanded using Taylor series at the onset of the boundary layer which have an infinite radius of convergence. Thus, the series representation of solution (9) becomes the main clue for the further similar analysis for general b and M. Expecting the similar series representation, it is natural to express the stream-function GðZÞ as
for general b and M. For obtaining the coefficients a n , substituting (10) into (7) and equating the coefficients of Z n to zero, we get 
for n ¼ 1,2,3, . . .. Notice from (11) that all the coefficients a n have been obtained in terms of b, M and two unknowns a 2 and d. This constant a 2 remains unknown because of an end condition in (8). This unknown a 2 which characterizes the coefficient of skin friction, must be found in such a way that the derivative condition at far distance is satisfied. This is equivalent to determine the value of either a 2 of series (10) or f 00 ð0Þ of the system (1) and (2) because these are intrinsically related to each other through Eq. (6) as
Also, note that the constant d defined in (4) is only for b ¼ À1, but for other values of b and M, it also needs to be determined. Thus,
we have a two-parameter family of solutions to the Falkner-Skan equation. To determine one of these unknown constants a 2 or f 00 ð0Þ and d, we patch the series expansion of the closed form solution (9) with that of series (10) with b ¼ À1 and M¼0, which gives the same constant 
Since, the left hand side of (14) also involves f 00 ð0Þ, it can be solved iteratively with suitable initial approximation for it. However, in order to effectively illustrate the method used to find f 00 ð0Þ, we rewrite the above integral relation as
where Z max ¼ lim Z-1. Since, f 00 ð0Þ appears on both sides of the above relation, it has to be solved iteratively for all involved parameters. The solution of the above asymptotic integral relation is too complicated by the fact that the boundary condition is specified at infinity. Thus, the skin friction value f 00 ð0Þ could be found such that the end condition is satisfied. Therefore, in our computations, 'infinity' is numerically approximated by the large value of independent variable (i.e. Z max ). (1) and (2) for all values of b and M in the form f ðZÞ ¼ dÀalþZÀ dÀað1þlÞ
where the series GðZÞ is given by (10) .
To assess the efficiency of the present exact method, the results for skin friction value f 00 ð0Þ are compared with those produced by the direct numerical solution of the MHD Falkner-Skan equation. Fig. 1 that make the velocity profiles greatly distinct from each other. Note that no solutions exist for the white area. Velocity profiles in each region in Fig. 1 behave differently for both solution branches. We chose the parameters from each of these regions. In Fig. 2 , we plot the velocity profiles as a function of Z for accelerated flow b ¼ 1 and M¼1.0 for upper branch solution (left column) in all the regions. Each region represents a typical velocity profiles behaving according to physical nature of the problem. In regions I and IV, the velocity curves are monotonically decreasing but satisfy their end condition, and the curve in regions II and III increases monotonically to its end boundary. However, in region I (II), the decrease (increase) rate is faster compared to other corresponding regions. However, we found a different velocity overshoot profile in region V. The curve in region V, the velocity first increases gradually to its peak value, then decreases and eventually satisfies its downstream condition. The similar results are also shown by Fang and Zhang [12] where their analysis was given only for b ¼ À1 in the absence of magnetic field (M¼ 0). The similar trend can be seen in right column of Fig. 2 wherein we have shown velocity profiles for the lower branch solutions.
The following figures provide more physical insights mentioned below. Presence of the parameter a makes the boundary layer flow greatly enriched. It is observed that fluid injection into the flow increases the boundary layer thickness, whereas it decreases for the suction parameter a. The similar structure can be observed for other stretching parameter l. Furthermore, when Hartmann number increases the boundary layer thickness decreases, see right side of Fig. 3 . In Fig. 4 , the similar observation can be made from the above analysis, wherein we investigate the effect of pressure gradient b and Hartmann number M. The velocity profiles in this case decrease revealing the fact that the effect of b is to decelerate the velocity of the fluid, and hence it reduces the momentum boundary layer thickness.
In Fig. 5 , we investigate the variation of dimensionless velocity profiles with respect to the variation in the Hartmann number M in the MHD boundary layer flow for different values of b. The momentum interacts with each other, and the profiles in figure have strong variations with a distance along the boundary layer. When the magnetic parameter increases, the velocity gradient decreases, clearly showing the effect of the magnetic field in the flow system. When the magnetic field is applied, the system acquires more magnetization, the momentum force decreases, as a result the flow moves slowly along the whole field. Also, the variation in the Lorentz force offers more resistance to the flow phenomena. Whereas the reverse trend is observed for smaller values of M. Thus, the application of the magnetic field on the boundary layer flow decreases the thickness of the boundary layer and this typical trend is observed for all values of b.
Thus, an application of magnetic field on the two-dimensional viscous boundary layer flow over a semi-infinite flat plate reveals an important flow characters. The flow problem has been solved both analytically and asymptotically in the large Z limit. It is found that the thickness of the boundary layer decreases for increasing Hartmann number M and pressure gradient parameter b, while absolute of value of skin friction f 00 ð0Þ increases when they increase. All these observed phenomena are in accordance with dynamics of the problem.
Asymptotic solution
The derivative boundary condition at edge of the boundary layer suggests to look for local behavior i.e. 9f 0 ðZÞÀ19 51 as Z-1.
In order to formulate the problem at the edge, we introduce a stream-function EðZÞ such that f ðZÞ $ aþZþEðZÞ,
where E 0 ðZÞ 51. Also, it is instructive to compare the solutions of (17) with those of exact method presented in Section 3 for all values. Substituting (17) into the MHD Falkner-Skan system (1) and (2), and upon linearizing the resulting ordinary differential equation, we get
and boundary conditions take the form
Solution of Eq. (18) subjected to the conditions (19) is given by
where
is the Gamma function and Fðã,b,ZÞ is the confluent hypergeometric function. Table 2a and b compare the values of skin friction f 00 ð0Þ obtained through (17) and (20) with those given by Eq. (16) for two values of Hartmann number M for other different parameters. The results are quite remarkable. Behaviors of the solutions at far distance are entirely in accordance with physical phenomenon of the flow problem.
Discussions and conclusions
We have developed a new exact solution for the MHD Falkner-Skan Eq. (1) subject to the boundary conditions (2) The present method can be compared to homotopy analysis method in the following way; it is well known that the latter method requires an appropriate 'initial guess' and operators to obtain a uniformly valid convergent solution to the problem in question, whereas the present method utilizes its own 'closedform solution' obtained for the particular parameters for obtaining analytical solution for other values of parameters which makes the method more analytically stronger than any other method. Thus, the present method is easy to use for non-linear boundary layer problems.
We now give a simple analysis for usage of Pade' approximants in summation of the series GðZÞ. That is to show if the infinite series GðZÞ is convergent, then a function f ðZÞ is analytical solution of the MHD Falkner-Skan equation. The Pade' approximants perform an analytic continuation of the series outside its radius of convergence. Employing the classical Pade' technique to power series GðZÞ, we have
where c 0 ¼ 1 without loss of generality, and remaining ðp þ qþ 1Þ coefficients b 0 ,b 1 ,b 2 , . . . ,b p ,c 1 ,c 2 ,c 3 , . . . ,c q are to be determined uniquely from the coefficients a n , so that the first (pþ qþ 1) coefficients in the Taylor series expansion of the Pade' approximants should match the first (pþqþ1) coefficients in the infinite series GðZÞ. Therefore, from solution (16), we have f ðZÞ ¼ dÀalþZÀ dÀað1þlÞ
where conveniently written function c p,q ðZÞ is the Pade' approximants to analytical solution f ðZÞ through the infinite series GðZÞ. Note that using the elementary arithmetic operations, the coefficients (pþqþ1) are easy to evaluate numerically. It immediately follows from ( Therefore, from system (1), we obtain
Note that if the infinite series (10) is convergent, then the solution f ðZÞ ¼ c p,q ðZÞ must be a solution of Eq. (23) in the sense that Eq. (1) uniquely satisfies. We emphasize here that the Pade' approximants converge to the true solution as p and q tend to infinity. It is easy to calculate the coefficients a n using Mathematica and Maple, and also easy to code with MATLAB. Also, it is worth to mention that the function c p,q embeds the known closed-form solution (9) of system (7) and (8) 
